W2ZLY-HTGHER ORPER LINEAR OPDES
Considesr tHe u oder TyP:

u d v
a, (x) :_Z+ Cly-( (%) A $oe + (X oy + 0, )y =90)
Kun ol%y dx (E.1)

y(xa): yOI \/'(.X°J:y‘l e )’CM,(X): yu-l
Def: The liwear u'™ oder ODE of o foruw in Eg. | s called homoﬁewecus
F ) =0 aud s called von- homsg enous if gl9#£0,

Note: Tu ovtler fo selue a Uou - houwg enoes e‘zuq_')‘r‘o\«_, we wud- Rt be able te
solve the associefed howogemesus e,zwuh‘oa.:

u u-1
d,, ) -O'/?-'-} Clun (X) d 7y, a, &%) dy . o, y= O (5.2)
dx-n. Cl)(“_, ox

Twpotuad  Nobaht, ! Diltfevewtidl  Opetos

ol )
Reesll: D), = J){ o fn ofter wouls D =£
42 d3 o
D* g 0233 ) Du

E X : Cousley y” "‘3}/‘“")1 =0
—
Dz){“’ 3Dy’ L'Y:"O
< (0%30-4)y =0
Ded: He u™ odoy  dillovendinl o,owa"of, ov ,oo)ynomm'f apuaf/‘c}m s giem by
L= a. ) D" ta,. & 0™ 4. ¢ a,x) D + a0
Ly & @0 D"+ aufOD"" + -+ * @ (WD «0ul0) ¥
Ey2 is eguivled to Ly =3
Oed: an OPM‘f"OV‘,L, is sacd fo be lwear it aud ouly o
L (¢ fw+ Bow)= AL(F) + 5 L5w)

EX: Comsider He operbonn Liy)=2y. Show fuat # & liean

Orots: L(af + Bs)= 2(af +B5)
= 245 + 284
= Al2#)+B(2s) = A L) +BL(5)



Theovert: The A leventinl o/zmvle:/ & ceaun,

Pt’w(\"- Le,\t' LC/] =D)r
wik o shawr D(aF +,§5) =&k D(H+8D(s)

D(df’"‘,gj) = (Q}_)+ D(,B‘j) (Suu«. e  fon o(zvivq"u'uq,)
=Qq D(—,F)-:-/SD(&J ( sodder walh vufe ke olenintire)

THE SUPERPOSTTToN PRTNCTPLE
Consiter Ta. ODE:

Xs)(m"k}/’ "‘4)’ =0
Shew flat %= x> awd y, 2x"laX M boftc  sohdrbes:

V=2 fu's 0 2
y"': y{' = ’+ 2‘*2]1/\)( = 3‘(‘ Z,I\AX
y'm =0 ylalj:. %

x3o) ~ 2x(2x)+4(x2) = O \/ x’(%)-bc (x+2xlx)+ U’ ln X = 2x* -2x U lux e U X = O \/

=2 X;)(, u "Z)C)(,' + L’}‘, =0
A XYY - 2xy tdy =0

Claim: €Y, +C, ¥y & al a solutren,

Freot y‘ac,}/,’fclyz' , y”=c,y“’+c,~y,_“ Loyt eCy e,y

= x3 (C:%'"fo(;}/,_'")—Zx (Gy, + ')+ d(ay +6 ¥, )

& [%
. (xw%w,) ¢ elin iy,

Ci(o) +¢, ) =0 \/ —2 y=C Yt . alke & solukon /

Theoveur: (The Supen positien Pm‘uu'loal - HO%ﬁeM-was Ezua"r'w.s) ~Let y , Vo, i) Ve
be selubtons of Eg (2) over sowe inbwal T sucte Hat X, € T, Thew,

auy Lvenr cowb iuateon
Fo Yt e, # ot e
wheve C; €R Vi.-'-‘-[,Z,..-,k 5 q[so a Solu:ﬁ'o-« to Te Ezl,

Comum’}/" 1. Te y, is a solubonw Heww so & C-y,
2. y=0 & Q—qu)/s‘ a slukor o ANY howe geucous eguation.



LENEAR DEPENDANCE ANY TNDEPEN DAMCE

Def: A st Fuchws § w, SHox, - fr) awe Ie'waw-ly c‘z,wJudi‘ 't Hee exishs
cowsteuds ¢, 0o, G frab  ace wmof ol zews sugh  Haf:
Ci ’F, ) + i)+ - + Ch}na?-‘(s EZ‘ 3
I‘F Eq. 2 has oult/ ’H‘L +V‘I'llql Solu"‘t'ad for 'Hw Cb"s (ag. ﬁt,); Qg Qﬂ st)
Heu 'pﬁud‘l'm.‘s aue  called Ir'u.o_qwly fuelependerd-.

EX: Let 5 )= W), £,00= 5?00, K= sec ), aved 5500 = fun’y, Aw Heose
fuuctcoes  leecwly depu«l«./* or l'uolopa-a(e,uf‘ 4

= Esmv’“qq,“y '7"«4) pwuau l) a IOJ‘ GP‘ wevk.
(see vider & emupl: 4g: 357)

'-T‘H'E WRONSHAN (ov “How fo shuy fuudiay ave l-'v\uwbz u'hdqoeniu‘f')

Det: Suppire each of e boudtons 5 (x), F1.00), 0, Finlt) posses -l denivabies, The Wronskion
's 5:"00,«. by.‘

W4, ,5,-,5) = det 8 eg 5.

.
1Y
¢
.

-Cu-t ) . (n-1) [CY))
5 c3 A

Theovew : (Cviteven Forr L:‘w’y T-«dyﬂcwiu’f‘ Fouetvous)
Let y, %, Yu be v colutroy of fle

E3. 2 on Soup iubenel T, Thao the sef of
solutious Is lt'l'%r[)/ :'udrfwM £ h/(y,,y,,--.,yu);! OV x€T.

EX: Let Y, = xz ol Y, = x2luX ., Ave 'Hvy l:wly Jtpeur.‘ud' o l‘uol?-eudc-d‘?
A" NL"AX]J = x¢ 2xlux) = (2 x) (2x)
W= deb ([Z.ﬂ X+lrlnx X (7("' * ) (Xl

= )(3+11C/3%C - LA
KB

—
—

= §x% XX} ave depecdent on auy infecal T nob cotfadrg zeso,

Def - Av\,y sef Yi 1Yo, vt Yo of n [v‘uwly l‘wc‘lpowdwf' soluftons fo T By, 2 o soue
IIA.{“&VUN.[ T s satdl to be a 'Fuuclqm"ql Sa+ of &)1&"7‘014-3.

Theovewt: Thove exish a Fudawectsl set of slutous fe fie Ey 2. on Sou
itbeote| T ou the ooudihon flit y: (X) € C°(T) ¥ ;=



Thesveu : Let Y;,Vz,"' Y he a Cund wa szl seF of soluttous, Thew Fhe 33»«%‘
fovue of He soluttor to Eg.2 is givem b)’

YOy, £y, Fo t CuYie
Whewe ¢, for i=1,2,.., 0 ave awbitven, constauts,

Preof: Eg 2 < Ly=0
Wish To Sao: L(C, Y, #Ca}, + ' +CuY.) =0

\_’w\o/ o P
b LIt L+ vt Cull¥) «= 0 O
EX: Giuen_ "'—6 ""i‘“Y"'GY =0, assiwe 'ﬁAmL ”:ex/yzzcz:‘ awd yaeeax aue, .,‘”

solubtos. (o) Shaw THat Fhey Forur a Fundamnded ceF of  selutress

Wik B Saoi Liveurly M/xédm"“
R A =
e e e
W(Cx/ e’u; )= old-( [ex 2.7 36: = 8% + 355+ ‘—fecx ”Ze.G'x’qe.G,c 126"
2 4 Te
= 25 ZO M X
= luean iudependet- o (00, o0)
2 Fudowah! Se-

(b) Wwat i Fue 9Ml solutrow. 7

Y= C, e t(, e +Cre™

NON - HOMOGENEOUS EQUATIONS

Cowsider o wew- l«bmgoueous ut* ovder [iwa~ ODE:

d“ n~l
aqu)J—Z+ qn-.CKJi_lp-: + a.(rJ.é.Y-La°Cx)y=9CX) (Eq.4)
xv\ o\x,“'-( clx
whene g U #o0.

TLQovewt" (et }/,o be au)/ puwl"r'c,c,\,tc..w soluhiom. 1o Ez Y Lef )/,/1)/,7.,.,}/..L
be selubbors +fo fhe  asteciatedd howo genesus ezuq'h'ow, eo.,B9.2.
ﬂem,'ﬂ'e. 3°'MI SO[ufl‘olA. +o EZ,C{ s ‘ja'uu_‘_ by»

>/= <Y, +Cy Y o +C,._,_yu +Yp
\_/V‘\/ A

Y Y



FPreof:  Wide 4o sloo: LLy)=g(x)
Let Yo, Yo, s Y be a Fusdamecdal seb for fle e,zaa'h%h Luy=o

= Lly;) =0
We ale kuew tudt L(Yp)=glx)

o) [ o
LCGY, ¢ Coyyt o #CaY *Yp) = Cil ,)+QM+ +CKL/Q{)¢L/Ly,{)’3
=3(X)

(x)

NO+€/: To solwe a mu.-komge,um ODE:

1 Selve. Tte assecsated, L\Mgwou for a 3M[ Sulu"‘l'a—\/ Y

2. Frud one parf'!?sqlv coluton, 178
3. The Fual solubber s fe Suwe of 7 ome 2 Y *¥p

E X: Le+ ){"l—-éy“"'llyr*cy::gx

a, Shee, +L\t.,'f' )50. _’J?‘_L - 3’:5\' L -1 Fav‘[‘r'cq'qr solutree.
-1

Yo' -3 o-c+u(-z)-¢(-i-1x)
y,|__ o PU_‘GGN / :—%-&Zl[+3x =3
8=

|ll_
Yp = ©

b, What s He geuenl solubtar f TS eguahiar 7

)l= C’l ex"'c—z?-u*(fse.sx’ ’(L?'.' ‘-1!:’(




